ECON 5360 Class Notes
Systems of Equations

1 Introduction

Here, we consider two types of systems of equations. The first type is a system of Seemingly Unrelated

Regressions (SUR), introduced by Arnold Zellner (1962). Sets of equations with distinct dependent and
independent variables are often linked together by some common unmeasurable factor. Examples include
systems of factor demands by a particular firm, agricultural supply-response equations, and capital-asset
pricing models. The methods presented here can also be thought of as an alternative estimation framework
for panel-data models.

The second type is a Simultaneous Equations System, which involve the interaction of multiple endoge-

nous variables within a system of equations. Estimating the parameters of such as system is typically not as
simple as doing OLS equation-by-equation. Issues such as identification (whether the parameters are even

estimable) and endogeneity bias are the primary topics in this section.

2 Seemingly Unrelated Regressions (SUR) Model

Consider the following set of equations

yi = XiB; + € (1)

fori = 1,..., M, where the matrices y;, X; and 3, are of dimension (T'x1), (T'x K;) and (K; x 1), respectively".

The stacked system in matrix form is

N X 0 - 0 B4 €1
Yo 0 X 0 Ba €2
Y = = + — XB+e
|YM | 10 0 - Xun| [Bu] | €M |

Although each of the M equations may seem unrelated (i.e., each has potentially distinct coefficient vectors,

dependent variables and explanatory variables), the equations in (1) are linked through their (mean-zero)

L Although each equation typically represents a separate time series, it is possible that 7" instead denotes the number of cross
sections within an equation.
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is the variance-covariance matrix for each t = 1,...,T error vector.

2.1 Generalized Least Squares (GLS)
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The system resembles the one we studied in chapter 10 on nonshperical disturbances. The efficient estimator

in this context is the GLS estimator

B=(X'0'X)H(X'Q7Y) = (X' (e DX]T X (T e DY)

Assuming all the classical assumptions hold (other than that of spherical disturbances), GLS is the best

linear unbiased estimator. There are two important conditions under which GLS does not provide any

efficiency gains over OLS:

e 0;; = 0. When all the contemporaneous correlations across equations equal zero, the equations are

not linked in any fashion and GLS does not provide any efficiency gains.

b=p.

In fact, one can show that

e X7 =Xy="---=X}). When the explanatory variables are identical across equations, b = f3.

As a rule, the efficiency gains of GLS over OLS tend to be greater when

e the contemporaneous correlation in errors across equations (o;;) is greater and

e there is less correlation between X across equations.

2.2 Feasible Generalized Least Squaures (FGLS)

Typically, ¥ is not known. Assuming that a consistent estimator of 3 is available, the feasible GLS estimator

BFGLS = (X' X)) H(X'Q7Y)

X't DX X/ (B eI)Y] (2)



will be a consistent estimator of 3. The typical estimator of ¥ is

A A A 1/ 1,/ 1/
711 012 O1M T€1€1 T€1€2 TE1EM
~ A A 1/ 1,/ 1/
N 021 022 O2M T€9€1 T€9€2 TE€M
Z = = 9 (3)
~ S ~ 1 7 17 17
_JMl opM2 JMM_ _TeMel T€ME2 TeMeM_

where €;, ¢ = 1,..., M represent the OLS residuals. Degrees of freedom corrections for the elements in by
are possible, but will not generally produce unbiasedness. It is also possible to iterate on (2) and (3) until
convergence, which will produce the maximum likelihood estimator under multivariate normal errors. In

other words, Bpgyg and 3, will have the same limiting distributions such that
~ asy
Bur.rars ~ N(B,¥)

where U is consistently estimated by

2.3 Maximum Likelihood

Although asymptotically equivalent, maximum likelihood is an alternative estimator to FGLS that will

provide different answers in small samples. Begin by rewriting the model for the ¢! observation as

- -/ - -

Y1t €1,t
Y2t €2t
* ’ * !
Yi=| =T |my wg - wpm| T | =zl + ¢
| Yt | | €Mt |

where x; is the row vector of all different explanatory variables in the system and each ; is the column
vector of coefficients for the i** equation (unless each equation contains all explanatory variables, there will

be zeros in 7; to allow for exclusion restrictions). Assuming multivariate normally distributed errors, the

log likelihood function is
T MT T 1T o,
log L = E i logL; = leog(Qﬂ') — —log|X| - 3 E _ G (4)

where, as defined earlier, ¥ = E(e;€}). The maximum likelihood estimates are found by taking the derivatives

of (4) with respect to II and X, setting them equal to zero and solving.



2.4 Hypothesis Testing

We consider two types of tests — tests for contemporaneous correlation between errors and test for linear

restrictions on the coefficients.

2.4.1 Contemporaneous Correlation

If there is no contemporaneous correlation between errors in different equations (i.e., ¥ is diagonal), then

OLS equation-by-equation is fully efficient. Therefore, it is useful to test the following restriction

HQ : O'ij:OVZ?é]

Hy :  Hg false.

Breusch and Pagan suggest using the Lagrange multiplier test statistic

M i—1
A=TY Zzzl r

where 7;; is calculated using the OLS residuals as follows

/
€. €,
. 1]
Tij =

(ciei)(eje;)
Under the null hypothesis, A is asymptotically chi-squared with M (M — 1)/2 degrees of freedom.

2.4.2 Restrictions on Coefficients

The general F' test presented in chapter 6 can be extended to the SUR system. However, since the statistic

requires using 5], the test will only be valid asymptotically. Consider testing the following J linear restrictions

Hy @ RB=g¢q

Hy :  Hyfalse

where 8 = (81, Ba, .-, B37)’. Within the SUR framework, it is possible to test coefficient restrictions across

equations. One possible test statistic is

W= (RBFGLS - Q)I[RWT(BFGLS)R/]_I(RBFGLS -q)

which has an asymptotic chi-square distribution with J degrees of freedom.



2.5 Autocorrelation

Heteroscedasticity and autocorrelation are possibilities within the SUR framework. I will focus on autocor-
relation because SUR systems are often comprised of time series observations for each equation. Assume
the errors follow

€t = Pi€it—1 Tt Vit

where v;; is white noise. The overall error structure will now be

01181 012802 o1m$m
, 02181 0228292 oanmanm
E(ee) =Q =
o101 oam2Qm2 o oM Qumm
- - MTxMT
where ) }
T-1
1 Pj Pj
T—2
Pi 1 Pj
Qij - .
1 T—2 1
Pi Pi dopsr

The following three-step approach is recommended

1. Run OLS equation-by-equation. Compute consistent estimate of p; (e.g., p; = (2322 ei7tei_t_1)/(ZtT:1 €2,)).

Transform the data, using either Prais-Winsten or Cochrane-Orcutt, to remove the autocorrelation.
2. Estimate ¥ using the transformed data as suggested in (3).

3. Use 3 and equation (2) to calculate the FGLS estimates.

3 SUR Gauss Application

Consider the data taken from Woolridge (2002). The model attempts to explain wages and fringe benefits

for 616 workers:

X181 + €1t

Wagesiy

Benefitsyy = Xoi8y + €

where X1; = Xg¢ so that OLS and FGLS will produce equivalent results. Although OLS and FGLS are

equivalent, one advantage of FGLS within a SUR framework is that it allows you test coefficient restrictions



across equations. Doing OLS equation-by-equation would not allow such tests. The variables are defined
as follows:

Dependent Variables

e Wages. Hourly earnings in 1999 dollars per hour.

e Benefits. Hourly benefits (vacation, sick leave, insurance and pension) in 1999 dollars per hour.

Explanatory Variables

e Education. Years of schooling.

e Experience. Years of work experience.

e Tenure. Years with current employer.

e Union. One if union member, zero otherwise.

e South. One if live in south, zero otherwise.

e Northeast. One if live in northeast, zero otherwise.

e Northcentral. One if live in northcentral, zero otherwise.

e Married. One if married, zero otherwise.

e White. One if white, zero otherwise.

e Male. One if male, zero otherwise.

See Gauss example 9 for further details.

4 The Simultaneous Equation Model

The simultaneous system can be written as

YT+ XB=FE (5)
where the variable matrices are
Yi1 Yoo Yim X X Xix €11 €12 €1M
Yo Yoo You Xor  Xao Xox €21 €22 €20
Yrom = | . s Xk = . | BErxm =
Yri Yre - Yo | X1 Xr2 o Xrk| (€1 €r2 o €T




and the coefficient matrices are

Y11 Y21 0 Tm Bi1 Bar 0 Ban
Y12 V22 T2 Biz B Bz
Prvixm = . | Brxm = | _
Y1 Yem o VMM _511( Bar - 5MK_

Some definitions.
e Y, ; is the jth endogenous variable.

e X; ; is the jth exogenous or predetermined variable

e Equations (5) are referred to as structural equations. I'" and B are the structural parameters.

To examine the assumptions about the error terms, rewrite the E matrix as

n ’
E =vec(E) = (€11,€21, -+, €T1, €12, €22, ey €72, vy E1M, €2M 5 -y €TM ) -

We assume

E(E) = 0

E(EE) = %Iy

where the variance-covariance matrix for €; = (&1, €2, ..., €zar)’ 18

011 021 - OM1

012 022 O M2
E:

|91 O2M " OMM |

4.1 Reduced Form

The reduced-form solution to (5) is

Y =—XBI '+ EIr'=XII+V



where Il = —BI'™', V = EI'~! and the error vector V = vec(V) satisfies

where ¥ = IVQTI'.

0

T Vsrtelr) = Qo lr)

4.2 Demand and Supply Example

Consider the following demand and supply equations

where Q3, Q¢ and P, are endogenous variables and W; and Z; are exogenous variables.

a0+ o P+ Wi+ asZy + €

50+51Pt+53Zt+5g

QY

In matrix form, the system can be written as

@1
Q2

Qr

and

5 Identification
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Identification Question. Given data on X and Y, can we identify I', B and %7

5.1 Estimation of II and

Begin by making the standard assumptions about the reduced form Y = XII + V:

e plim(+X'X) =Q

e plim(+X'V) =0

Let Q = Q5 = QY.



e plim(£V'V) = Q.

These assumptions imply that the equation-by-equation OLS estimates of II and €2 will be consistent.

5.2 Relationship Between (II,2) and (I', B, Y)

With these estimates (f[ and Q) in hand, the question is whether we can map back to I'; B and X7 We

know the following
1. I=-Br'!and
2. Q=T"Yyr-1.

To see if identification is possible, we can count the number of known elements on the left-hand side and
compare with the number of unknown elements on the right-hand side.

Number of Known Elements

o KM elements in II
° %M(M + 1) elements in

Total = M(K + 3(M + 1)).

Number of Unknown Elements

e M?2 elements in T
° %M(M + 1) elements in 3
e B=KM

Total = M(M + K + (M +1)).
Therefore, we are M? pieces of information shy of identifying the structural parameters. In other words,
there is more than one set of structural parameters that are consistent with the reduced form. We say the

model is underidentified.

5.3 Identification Conditions
There are several possibilities for obtaining identification:
1. Normalization (i.e., set v;; = =1 in T for i = 1,...,m).
2. Identities (e.g., national income accounting identity).
3. Exclusion restrictions (e.g., demand and supply shift factors).

4. Other linear (and nonlinear) restrictions (e.g., Blanchard-Quah long-run restriction).



5.3.1 Rank and Order Conditions

Begin by rewriting the i*" equation from II = —BT'~! in matrix form as

[H IK} F =0 (6)

where T'; and B; represent the i*" columns of T' and B, respectively. Since the rank of [II Ix] equals K, (6)
represents a system of K equations in M + K —1 unknowns (after normalization). In achieving identification,

we will introduce linear restrictions as follows

where Rank(R;) = J. Putting equations (6) and (7) together and redefining A; = (T';, B;)" gives

m: I
(I Iio) A; = 0.
R;

From this discussion, it is clear that R; must provide at least M — 1 new pieces of information. Here are

the formal rank and order conditions.

1. Order Condition. The order condition states that Rank(R;) = J > M — 1 is a necessary but not

sufficient condition for identification. A situation where the order condition is not sufficient is when

R;A; =0. More details on the order condition below.

2. Rank Condition. The rank condition states that Rank(R;A) = M — 1 is a necessary and sufficient

condition for identification.
We can now summarize all possible identification outcomes.

e Under Identification. If either Rank(R;) < M — 1 or Rank(R;A) < M — 1, the i'" equation is

underidentified.

e Exact Identification. If Rank(R;) = M — 1 and Rank(R;A) = M — 1, the i*" equation is exactly

identified.

e Over Identification. If Rank(R;) > M —1 and Rank(R;A) = M — 1, the i'" equation is overidentified.

10



5.3.2 Identification Conditions in the Demand and Supply Example

Begin with supply and note that M = 2.

The order condition is simple.

Since all the variables are in

the supply equation, there is no restriction matrix R so that Rank(Rs) = 0 < 1. The supply equation is

underidentified. There is no need to look at the rank condition.

Next, consider demand. The relevant matrix equations are

_7'('11 12 1 0 0 11 1
(HI ) 21 292 O 1 0 —61
e
Ag = m31 732 0 0 1 _60 =0,
Ry
— = = = | |5
0 0 0 1 0| |-Bs]

for which the order condition is clearly satisfied (i.e., Rank(R4) =1 = M —1). For the rank condition, we

need to find the rank of

o .
—Qq —51

RdA[o 0 0 1 0} —ag  —fy [—0@ 0}
—g 0
| X3 —53_

Clearly, Rank(RqA) =1 = M — 1, so that the demand equation is exactly identified.

6 Limited-Information Estimation

We will consider five different limited-information estimation techniques — OLS, indirect least squares (ILS),
instrumental variable (IV) estimation, two-stage least squares (2SLS) and limited-information maximum
likelihood (LIML). The term limited information refers to equation-by-equation estimation, as opposed to
full-information estimation which uses the linkages among the different equations.

Begin by writing the i*" equation as

YFl + AXVBZ = €

yi = Yy Y7+ XaB + X767 + e

where Y; represents the vector of endogenous variables (other than y;) in the i** equation, Y;* represents the

vector of endogenous variables excluded from the " equation, and similarly for X. Therefore, v} = 0 and

11



B7 =0 so that

yvi = Yo+ XiBite
Vi
= Y X + €&
B
= Zibi+e.

6.1 Ordinary Least Squares (OLS)

The OLS estimator of §; is

~OLS
J:

3

= (22" (Ziy:)-

The expected value of 5, is

EGYy =60+ B[220 ZLes).

2

However, since y; and Y; are jointly determined (recall Z; contains Y;), we cannot expect that E(Zle;) =0
or plim(Ze;) = 0. Therefore, OLS estimates will be biased and inconsistent. This is commonly known as

simultaneity or endogeneity bias.

6.2 Indirect Least Squares (ILS)

The indirect least squares estimator simply uses the consistent reduced-form estimates (fI and Q) and the

relations I = —BI' ! and Q = I'"YXI'~! to solve for I', B and ¥. The ILS estimator is only feasible if the

system is exactly identified. To see this, consider the i*" equation as given in (6)

Ir; = —-B;
where IT = (X' X)~1X'Y. Substitution gives
-1 -8,
(X'X)"'Xx’ [y yz} _ |
i 0
Multiplying through by (X’X) gives
—B;
X'y +X'Viy;, = -X'X
0
X'y = X'VA; + X' Xip;
= X'Z6;.

12



Therefore, the ILS estimator for the i*" equation can be written as

~ILS
J.

K2

= (X'Z) N (X ys).

There are three cases:
1. If the i*" equation is exactly identified, then X’Z; is square and invertible.
2. If the i*" equation is underidentified, then X’Z; is not square.

3. If the i*" equation is overidentified, then X’Z; is not square although a subset could be used to obtain

consistent albeit inefficient estimates of §;.

6.3 Instrumental Variable (IV) Estimation

Let W; be an instrument matrix (dimension T' x (K; + M;)) satisfying
. plim(%Wi’Zi) = Y., a finite invertible matrix
o plim(FW/W;) = Sy, a finite positive-definite matrix
e plim(3W/e;) = 0.

Since plim(Zle;) # 0, we can instead examine

(LW = plim( 17205 4 plim( LW,
plim(z Wiys) = plim(I/Z:)3 + plim( W/e)

— ohm( L
= phm(TWi Z;)9.

Naturally, the instrumental variable estimator is

v
i = WiZ) " (Wiy:)

5

which is consistent and has asymptotic variance-covariance matrix

IV (27

asywar.(§; )= T [CorSwwEie)-

This can be estimated by
ATV

est.asy.war.(6; )= 64(W!Z) *WIW,(Zw;)~!

and



A degrees of freedom correction is optional. Notice that ILS is a special case of IV estimation for an exactly

identified equation where W; = X.

6.4 Two-Stage Least Squares (2SLS)

When an equation in the system is overidentified (i.e., rows(X'Z;) >cols(X'Z;)), a convenient and intuitive

IV estimator is the two-stage least squares estimator. The 2SLS estimator works as follows:

o Stage #1. Regress Y; on X and form Y; = XIIOLS,
e Stage #2. Estimate §; by an OLS regression of y; on Y; and X;.

More formally, let Z; = (YZ, X;). The 2SLS estimator is given by

~2SLS
where the asymptotic variance-covariance matrix for 9, can be estimated consistently by

~2SLS

est.asy.var(d ) =64u(Z,Z;)7"

i

and

. 1 ~2SLS ~2SLS
Oii = T(yz — Z;0; ) (yi — Zi9; )-

6.5 Limited-Information Maximum Likelihood (LIML)

Limited-information maximum likelihood estimation refers to ML estimation of a single equation in the

system. For example, if we assume normally distributed errors, then we can form the joint probability
distribution function of (y;,Y;) and maximize it by choosing ¢; and the appropriate elements of ¥. Since
the LIML estimator is more complex but asymptotically equivalent to the 2SLS estimator, it is not widely
used.

~ILS
Note. When the i*" equation is exactly identified, §;

7 Full-Information Estimation

The five estimators mentioned above are not fully efficient because they ignore cross-equation relationships

between error terms and any omitted endogenous variables. We consider two fully efficient estimators below.

14



7.1 Three-Stage Least Squares (3SLS)

Begin by writing the system (5) as

Y1 Z1 0 - 0 01 €1
) 0 Z 0 02 € _
= 1. . ]| Ty=Z0+e
Y | 10 0 - Zn| [Om] € |

where ¢ = E and

E(ee) =X @ Ir.

Then, applying the principle from SUR estimation, the fully efficient estimator is
b= (W= e NZ) (WS @ Dy)
where W indicates an instrumental variable matrix in the form of Z. Zellner and Theil (1962) suggest the
following three-stage procedure for estimating 6.
e Stage #1. Calculate Y; for each equation (i =1,..., M) using OLS and the reduced form.
N ~2SLS ~2SLS ~2SLS
e Stage #2. Use Y] to calculate 6;  and 64 = 7 (y;i — Zi6; )/ (y; — Z;0; ).

e Stage #3. Calculate the IV-GLS estimator

5P - 2 e X(X'X) N2 2 (5 @ X(XTX) V)]

Z'(S e D22/ (S @ Dy

The asymptotic variance-covariance matrix can be estimated by

est.asy.var(SP)SLS) = [ZCE T X(X'X)" 2]t

7.2 Full-Information Maximum Likelihood (FIML)

The full-information maximum likelihood estimator is asymptotically efficient. Assuming multivariate nor-

mally distributed errors, we maximize

MT T 1
InL(§, Xy, Z) = 5 In(27) + 3 S+ Tl - 5(y —Z8) (S @ Ir)(y — Z6)

15



by choosing I', B and X. The FIML estimator can be computationally burdensome and has the same

asymptotic distribution as the 3SLS estimator. As a result, most researchers use 3SLS.

8 Simultaneous Equations Gauss Application

Consider estimating a traditional Keynesian consumption function using quarterly data between 1947 and

2003. The simultaneous system is

Cy = By+ 01D+ ¢ (8)

DIt - ﬂQ—FCt—‘rIt-FGt-’—NXt—FGg (9)

where the variables are defined as follows:

Endogenous Variables

e C; — Consumption.

e DI, — Disposable Income.

Exogenous Variables

o [; — Investment.
e (G — Government Spending.

e NX; — Net Exports.

The conditions for identification of (8), the more interesting equation to be estimated, are shown below.

Begin by writing the system as

—Bo B
1 -1 0o -1
YT +XB=Y +X - E
-8, 1 0 -1
0 -1

where Y; = (C;, DI;) and X; = (1, I;, G¢, NX;). The order condition depends on the rank of the restriction

matrix for (8),

0001 0O
Ri=10 0 0 0 1 0,
0 00 001

16



which is obviously Rank(R1) =3 > M —1 = 1. Therefore, the model is overidentified if the rank condition

is satisfied (i.e., Rank(R1A) = M — 1). The relevant matrix for the rank condition is

1 -1
-5 1

000100 0 -1
=By —B

RA=10 0 0 01 0 =10 -1/,
0o -1

000001 0 -1
0o -1
(|

which has Rank(R1A) = 1. Therefore, equation (8) is overidentified. ~Another way to see that (8) is

overidentified is to solve for the reduced-form representation of C;

Ci = Bo+B1Bs+Ci+1Li+Gi+ NX; + €]+ €

= TG 8+ AL B G AN+ 6 B

Cy = mo+mli+mG: +m1NX; + v (10)

Clearly, estimation of (10) is likely to produce three distinct estimates of 71, which reflects the overidentifi-

cation problem.

See Gauss examples 10 and 11 for OLS and 2SLS estimation of (8).
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